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We implement the so-called Weyl-Heisenberg covariant integral quantization in
the case of a classical system constrained by a bounded or semi-bounded geometry.
The procedure, which is free of the ordering problem of operators, is illustrated with
the basic example of the one-dimensional motion of a free particle in an interval, and
yields a fuzzy boundary, a position-dependent mass (PDM), and an extra potential
on the quantum level. The consistency of our quantization is discussed by analyzing
the semi-classical phase space portrait of the derived quantum dynamics, which is
obtained as a regularization of its original classical counterpart.
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I. INTRODUCTION
In this paper, we study, through a well-known textbook example, the quantization of
a one-dimensional classical system which is constrained to lie within a bounded or semi-
bounded set in the line. As is well-known, the canonical quantization itself is not straight-
forwardly applicable to non-trivial geometries, see for instance [1, 2] and references therein.
The aim of our study is to propose a new approach in considering these questions.
Our approach is an adaptation of the so-called Weyl-Heisenberg covariant integral quan-
tization [3–5]. For the sake of simplicity, we consider the standard coherent state (CS)
quantization among various integral quantizations built from positive operator-valued mea-
sures (POVM) and generalize it to apply to the systems with geometric constraints. Our
quantization procedure smooths the discontinuous classical bounded or semi-bounded geom-
etry. It also leads to a position-dependent mass (PDM) and a potential term which cannot
be deleted through a modification of the kinetic operator in the quantum Hamiltonian with
PDM.
Note that a seemingly similar study was carried out by one of the present authors in
[6], where an exploration of the quantization of constraints in the plane is presented when
standard coherent states and more general operators like thermal states are used as “quan-
tizers”. Then two different approaches were considered to be applied to simple examples.
The first one consists in considering an implicit constraint determined from a distribution,
like a Dirac delta, viewed as a classical observable. The second one follows the Dirac proce-
dure [7] for constraint quantization. A semi-classical analysis was then carried out through
lower symbols and their generalizations. In the present work, we implement a method sim-
ilar to the approach developed in [6]. However, contrarily to [6], the geometric constraint
3is restricted to the configuration space and not to the whole phase space. Furthermore, we
proceed with a comprehensive analysis of the physical consequences of such geometric con-
straints on the quantum observables and their semi-classical portraits established through
the use of Gaussian coherent states and a regularizing parameter `. As related to the width
of the Gaussian, and as explained in [5], this parameter has a deep statistical meaning, since
it encodes the degree of our confidence in the validity of the classical model.
As mentioned above, one of the interesting outcomes of our approach is the appearance
of a smooth PDM on the quantum and semi-classical levels. The effect of PDM in quantum
mechanics has been investigated from not only a theoretical concern but also a phenomeno-
logical requirement. The mostly recent references listed in [8–15] give a good idea of the
past and current activity in this field. The historical background of the studies of PDM
is well-summarized in the respective introductions of, for example, [9, 12]. As a matter of
fact, a PDM appears naturally when we require the shadow Galilean invariance [8]. As
a theoretical problem associated with PDM, we observe that PDM’s in classical or quan-
tum mechanics are mostly introduced in a phenomenological way as functions describing
the environment of the considered system. However, their precise forms are not clear and
their possible modifications induced by quantization have not been seriously considered so
far. Moreover, in attempting to establish a quantum model from a classical Hamiltonian
with PDM, one meets the so-called ordering problem of operators in the quantization of the
kinetic term where the mass becomes a multiplication operator and is not commutable with
the momentum operator. This is well-known but still an open question in the quantization
procedure. See, for example, [8].
This paper is organized as follows. In Section II, we briefly describe the general setting
of our quantization procedure. In Section III, we implement this procedure in the case of
the interval and obtain the modified position and momentum operators, and their respective
semi-classical portraits. The related commutator and uncertainty relation are analyzed in
Section IV by considering the effect of the geometric constraint. In Section V, we revisit
the classical dynamics with PDM, first in the continuous case, and next in the discontinu-
ous case which appears as a consistent alternative to infinite confinement potentials. The
corresponding quantization is implemented in Section VI, and the resulting PDM operator
and potentials are described in full details. Semi-classical phase space portraits of the above
operators are examined in Section VII. This leads to interesting observations on the result-
4ing smooth Hamiltonian mechanics and its classical limit. We conclude in Section VIII by
listing some interesting problems and generalizations.
II. COHERENT STATE QUANTIZATION WITH GEOMETRIC
RESTRICTIONS
Let us consider the quantization of a one-dimensional classical system where the position
and the corresponding canonical momentum are denoted by q and p, respectively. The
standard CS quantization is the simplest one among a wide class of integral quantizations.
It pertains to the so-called elliptic regular quantization [3, 4], see also Chapter 11 in [16].
The operator corresponding to a c-number f(q, p) and acting on the Hilbert space H of
quantum states is accordingly defined by the linear map,
f(q, p) 7→ Aˆf(q,p) =
∫
R2
dqdp
2pi~
f(q, p)|q, p〉〈q, p| , (1)
where kets |q, p〉 are the standard normalized coherent states in H. The unit function
f(q, p) = 1 is mapped to the identity operator I on H, i.e., 1 7→ ∫R2 dqdp2pi~ |q, p〉〈q, p| = I. This
is a fundamental property in the CS integral quantization.
The procedure is completed by the so-called semi-classical phase space portrait of Aˆf(q,p)
defined as its mean value in the same CS,
fˇ(q, p) := 〈q, p|Aˆf(q,p)|q, p〉 =
∫
R2
dq′dp′
2pi~
f(q′, p′)|〈q′, p′|q, p〉|2 . (2)
The regularizing map f 7→ fˇ is interpreted as a local averaging of f(q, p) with the proba-
bility distribution (q′, p′) 7→ ρˇ(q′, p′; q, p) on the phase space R2 equipped with the measure
dqdp/2pi. The CS kets |q, p〉 read in position representation, for which H = L2(R, dx), as
〈x|q, p〉 =
(
1
pi`2
)1/4
e−
i
2~pqe
i
~pxe−(x−q)
2/(2`2) , (3)
where ` is a constant which has the dimension of the position. See [17] for a thorough
discussion about the physical significance of this length parameter. The overlap between
two CS is given by
〈q′, p′|q, p〉 = ei pq
′−qp′
2~ e−
(q−q′)2
4`2 e−`
2 (p−p′)2
4~2 , |〈q′, p′|q, p〉|2 = ρˇ(q′, p′; q, p) . (4)
We now consider classical motions which are geometrically restricted to hold in some
subset Eps of the phase space R2. Although there is no established procedure, we consistently
5modify the above integral quantization by first truncating all classical observables to Eps in
the following way,
f(q, p) 7→ χEps(q, p)f(q, p) ≡ fχ(q, p) , (5)
where χEps is the characteristic (or indicator) function of set Eps,
χEps =
 1 (q, p) ∈ Eps0 otherwise . (6)
We further proceed with the CS quantization of this not necessarily smooth observable, and
obtain the E-modified operator,
fχ(q, p) 7→ Aˆfχ(q,p) =
∫
R2
dqdp
2pi~
χEps(q, p) f(q, p)|q, p〉〈q, p| , (7)
In the present formulation with geometric constraint, the quantization of fχ(q, p) = χEps(q, p)
corresponds to the “window” operator,
AˆχEps (q,p) =
∫
Eps
dqdp
2pi~
|q, p〉〈q, p| ≡ BˆEps . (8)
Note that the Hilbert space in which act these “E-modified” operators is left unchanged.
Thus, in position representation, one continues to deal with H = L2(R, dx). Nevertheless,
our approach gives rise to a smoothing of the constraint boundary, i.e., a “fuzzy” boundary,
and also a smoothing of all discontinuous restricted observable fχ(q, p) introduced in the
quantization map (7). Indeed, there is no mechanics outside the strip defined by the position
interval constraint on the classical level. It is however not the same on the quantum level
since our quantization method allows to go beyond the boundary in a rapidly decreasing
smooth way.
Consistently, the semi-classical phase space portrait of the operator (7)
Aˇfχ(q,p)(q, p) =
∫
Eps
dq′dp′
2pi~
f(q′, p′)|〈q′, p′|q, p〉|2 , (9)
should be found to be concentrated on the classical Eps ⊂ R2. Such a function should be
viewed as a new classical observable defined on the full phase space R2 where q and p keep
their status of canonical variables.
Thus, we have here the interesting sequence
virtual f(q, p)→ truncated fχ(q, p)→ quantum Aˆfχ → regularised fˇχ(q, p) , (10)
6allowing to establish a semi-classical dynamics a` la Klauder [18], mainly concentrated on
Eps.
Note that the truncated position and momentum (qχ, pχ) still behave as canonical vari-
ables in the subset Eps. The semi-classical portraits of their respective quantum counterparts
are defined even outside the subset Eps and thus the canonical properties of the operators
(Aˆqχ , Aˆpχ) should be investigated carefully as is done in the following two sections.
III. POSITION AND MOMENTUM OPERATORS IN AN INTERVAL AND
THEIR SEMI-CLASSICAL PORTRAITS
Because we are interested in constraints in the configuration space only, we examine
geometric restrictions Eps = E × R where E ⊂ R in the configuration space and we put to
simplify notations χEps(q, p) = χE ⊗ 1(q, p) ≡ χE(q). Actually, we restrict the study to the
bounded open interval E = (a, b), i.e.,
χE(q) = χ(a,b)(q) = Θ(q − a)−Θ(q − b) , (11)
where Θ(q) = χ(0,+∞)(q) is the Heaviside function. Hence, we have at our disposal four
parameters for the bounded interval case. Two of them, a and b, are associated with classical
geometrical constraints, one, `, is introduced through the quantization procedure, and the
last one, ~, is for the quantum model. Lengths a, b, and ` will be expressed in terms of a
certain unit q0, and we consider in our study fixed values of b/q0 = a/q0 + 10 while a/q0
takes three different values, a = 0, 2 and 4. Occasionally, we also consider the semi-bounded
E = (0,∞), i.e., the positive half-line by setting a = 0 and b = ∞. However our study is
mainly centered on the bounded case.
A crucial aspect of any quantum model is its classical limit. In the present case, the
latter is carried out through the simultaneous limits [3]
~→ 0 , `→ 0 , ~
`
→ 0 . (12)
At this point, we should be aware that the motion in our bounded or semi-bounded
geometry is not identified with the bounded motion induced by a confinement potential
such as two infinite potential walls, although there are similar features on the classical level
as is discussed in Section V.
7FIG. 1: The behaviors of the function B`(x, a, a+ 10q0) for different values of a. The
quantization length ` is chosen to be ` = 0.5q0 (left panel) and ` = 0.1q0 (right panel). The
solid, dashed and dot-dashed lines represent the results of a/q0 = 0, 2 and 4, respectively.
The semi-classical phase space portrait of the window operator (the characteristic func-
tion) is given by
Bˇ(a,b)(q, p) =
1
2pi~
∫ b
a
dq′
∫ +∞
−∞
dp′ |〈q′, p′|q, p〉|2 = B`
(
q√
2
,
a√
2
,
b√
2
)
= B√2`(q, a, b) , (13)
where
B`(x, a, b) =
1
2
[
Erfc
(
a− x
`
)
− Erfc
(
b− x
`
)]
, (14)
is expressed in terms of the complementary error function Erfc [19]
Erfc(x) =
2√
pi
∫ ∞
x
dt e−t
2
. (15)
This function is smooth, symmetric with respect to the middle of the interval [a, b],
B`(x, a, b) = B`(a+ b− x, a, b) . (16)
and vanishes rapidly outside the interval, i.e., it belongs to the Schwartz space S of smooth
rapidly decreasing functions on the line. Note the value at the endpoints:
B`(a, a, b) = B`(b, a, b) =
1
2
− 1
2
Erfc
(
a− b
`
)
. (17)
8One can easily confirm that this semi-classical portrait of the window operator represents
the smooth regularization of the characteristic function. In fact, in the vanishing limit of `,
we observe
B`(x, a, b) →
`→0
Θ(x− a)−Θ(x− b) = χ(a,b)(x) . (18)
Consistently, the derivative of B`(x, a, b) is the well-known Gaussian regularization of the
Dirac distribution:
d
dx
B`(x, a, b) =
1√
pi`
(
e−
(x−a)2
`2 − e− (x−b)
2
`2
)
→
`→0
δ(x− a)− δ(x− b) ≡ δa(x)− δb(x) . (19)
The above results are directly applicable to a semi-bounded geometry, like the positive
half-line, finding
Bˇ(0,∞)(q, p) = B√2`(x, 0,∞) , (20)
with the difference that this smooth function is not rapidly decreasing on the right. Indeed,
one checks that limx→+∞B`(x, 0,∞) = 1 while limx→−∞B`(x, 0,∞) = 0. In the vanishing
limit of `, again we find
B`(x, 0,∞) →
`→0
Θ(x) , (21)
and the derivative of B`(x, 0,∞) is expressed as
d
dx
B`(x, 0,∞) = 1√
pi`
e−
x2
`2 →
`→0
δ0(x) . (22)
As was already defined, the quantization of f(q, p) = 1 leads to the bounded self-adjoint
window operator which is multiplicative,
Aˆχ(a,b)φ(x) = B`(x, a, b)φ(x) , (23)
where φ(x) is an arbitrary wave function in L2(R, dx). The behaviors of B`(x, a, b) are
shown in Fig. 1. The left and right panels show the results with ` = 0.5q0 and ` = 0.1q0,
respectively. The solid, dashed and dot-dashed lines represent the results of a/q0 = 0, 2
and 4, respectively. One can observe the rapid transition from 0 to 1 (from 1 to 0) at the
endpoints a (b). The classical discontinuities included in χE(q, p) are smoothed because of
the Gaussian nature of the coherent states employed in the quantization procedure. In fact,
the rapid transitions are enhanced as ` decreases. That is, B`(x, a, b) goes to χ(a,b) in the
classical limit `→ 0, as expected. In the case of the positive half-line, one has just to keep
the behavior at a = 0.
9FIG. 2: The spectral behaviors of the E-modified position operator Aˆqχ . We choose
` = 0.1q0. The solid, dashed and dot-dashed lines represent the results of a/q0 = 0, 2 and 4,
respectively.
In a similar fashion, the E-modified position and momentum operators, respectively, are
given by
Aˆqχφ(x) =
(
xB`(x, a, b) + `
2B
(1)
` (x, a, b)
2
)
φ(x)
≡ Q(x)φ(x) , (24)
Aˆpχφ(x) =
1
2
{
B`(x, a, b),−i~ d
dx
}
φ(x)
= −i~
(
B`(x, a, b)
d
dx
+
1
2
B
(1)
` (x, a, b)
)
φ(x) , (25)
where { } is the anti-commutator and
B
(n)
` (x, a, b) =
dn
dxn
B`(x, a, b) . (26)
Therefore, we have the relation between these operators and the usual position and momen-
tum operators qˆφ(x) = xφ(x), and pˆφ(x) = −i~ d
dx
φ(x):
Aˆqχ = qˆB`(qˆ, a, b) + `
2B
(1)
` (qˆ, a, b)
2
= F (qˆ) , Aˆpχ =
1
2
{B`(qˆ, a, b), pˆ} . (27)
We notice that the E−modified position and momentum operators, Aˆqχ and Aˆpχ , reduce to
the standard ones qˆ and pˆ, inside the interval (a, b), more precisely, there where B ≈ 1.
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The E-modified position operator Aˆqχ is bounded self-adjoint, and its spectral measure
is
dQ(x) =
(
B`(x, a, b) + xB
(1)
` (x, a, b) + `
2B
(2)
` (x, a, b)
2
)
dx . (28)
The spectral behaviors of the E-modified position operator Aˆχ(a,b)q are shown in Fig. 2.
Choosing ` = 0.1q0, the solid, dashed and dot-dashed lines represent the results of a/q0 = 0, 2
and 4, respectively. One can easily see that the spectrum of Aˆχ(a,b)q behaves as a linear
function of x deeply inside the interval [a, b] while it becomes fast negligible outside the
interval as is shown in Fig. 2. This means that the spectral measure of Aˆχ(a,b)q is essentially
concentrated on the interval (a, b), and that∫ d
c
dQ ≈ d− c , (29)
for a < c ≤ d < b, and that ∫
E
dQ ≈ 0 , (30)
for any set E such that E ∩ (a, b) = ∅ or E ∩ (a, b) = (a, b). We check that the scale of
the smooth approximation to the discontinuity near the boundaries is characterized by ` as
expected from Eq. (21).
Concerning the E-modified momentum operator (25), it is symmetric by construction
and unbounded (it is approximately pˆ for x deeply in the interval (a, b)). As a symmetrized
product with the multiplication operator B`(xˆ, a, b) ∈ S, it is, like pˆ, essential self-adjoint
in L2(R, dx) (both have same core domain [20]). At this point, one should remind that
the momentum operator for the quantum motion in the interval (a, b) is not essentially
self-adjoint, but has a continuous set of self-adjoint extensions, due to the infinite choices
of boundary conditions in defining its domain. In the present case, our approach allows to
get around the ambiguity of the boundary conditions since the discontinuous characteristic
function of the interval is replaced by the smooth function B`(x, a, b) which rapidly vanishes
outside the interval, and since the Hilbert space of wave functions is L2(R, dx) and not
L2((a, b), dx).
We end this section by giving the expressions of the semi-classical phase space portraits
of the E-modified position and momentum operators using Eq. (2). They are respectively
11
FIG. 3: The departure from 1 of the absolute value of the commutator |Com(x, a, a+ 10`)|
with ` = 0.1q0 is shown on the left panel. The solid, dashed and dot-dashed lines represent
the results of a/q0 = 0, 2 and 4, respectively. The figure on the right panel is the enlarged
figure of the left one for the domain of 8 ≤ x/q0 ≤ 15.
given by the smooth functions
qˇχ(q, p) = qB√2`(q, a, b) + `
2B
(1)√
2`
(q, a, b) , (31)
pˇχ(q, p) = pB√2`(q, a, b) , (32)
which are rapidly decreasing out of the strip (a, b)×R at fixed p, and whose limits at ` = 0
are respectively qχ and pχ, as expected.
IV. THE E-MODIFIED CANONICAL RULE
As was mentioned, (qχ, pχ) are still canonical within the interval. Therefore the E-
modified position and momentum operators behave as canonical variables inside the bounded
geometry, while we observe deviation outside of the constraint. Indeed, the commutator of
the E-modified position and momentum operators read
[Aˆqχ , Aˆpχ ] = i~Com(qˆ, a, b) , (33)
12
where
Com(x, a, b) = B`(x, a, b)
(
B`(x, a, b) + xB
(1)
` (x, a, b) +
`2
2
B
(2)
` (x, a, b)
)
= B`(x, a, b)
dQ
dx
(x) . (34)
In Fig. 3 is shown the departure from 1 of the absolute value of Com(x, a, b) choosing ` =
0.1q0. The solid, dashed and dot-dashed lines represent the results of a/q0 = 0, 2 and 4,
respectively. If the E-modified position and momentum operators were canonical, the right-
hand side of the commutator (33) should be i~, i.e., Com = 1. In fact, it is satisfied deeply
inside the interval (a, b). Near and outside the endpoints of the interval, however, we observe
oscillations associated with non-canonical behaviors, which are enhanced as the positions of
endpoints a and b increase.
In the vanishing limit of `, we find
Com(q, a, b) →
`→0
χ(a,b)(q) + “χ(a,b)(q) (aδa(q)− bδb(q)) ” , (35)
where we used (χ(a,b)(q))
2 = χ(a,b)(q). Here appears the ill-defined product “δa(b)(x)Θ(x)”.
For instance, we could try to use the regularization (21) of Θ(x) to consider the following
action on a test function ϕ(x),∫ +∞
−∞
“δ(x)Θ(x)”ϕ(x)dx := lim
`→0
∫ +∞
−∞
δ(x)B`(x, 0,∞)ϕ(x)dx
= B`(0, 0,∞)ϕ(0) = 1
2
ϕ(0) , i.e. “δ(x)Θ(x)” :=
1
2
δ(x) .
(36)
Therefore, if we accept this definition, Eq. (35) becomes
Com(q, a, b) →
`→0
χ(a,b)(q) +
1
2
(aδa(q)− bδb(q)) . (37)
Again we observe that the canonical property of the E-modified position and momentum
operators holds only inside the interval.
To see the consistency of the above result, let us calculate the Poisson bracket for the
semi-classical quantities, qˇχ and pˇχ which are smooth observables on R2. Note that these
variables are not canonical variables. We have
{qˇχ, pˇχ}PB =
∂qˇχ
∂q
∂pˇχ
∂p
− ∂qˇχ
∂p
∂pˇχ
∂q
= B√2`(q, a, b)
(
B√2`(q, a, b) + qB
(1)√
2`
(q, a, b) + `2B
(2)√
2`
(q, a, b)
)
, (38)
13
and one can easily see that the vanishing limit of ` of the right-hand side of this equa-
tion reproduces the classical limit of Com(q, a, b) given in Eq. (34). Therefore, using the
correspondence 1
i~ [ , ] 7→ { , }, we can see in the classical limit,
1
i~
lim
`→0
[Aˆqχ , Aˆpχ ] 7→ lim
`→0
{qˇχ, pˇχ}PB . (39)
FIG. 4: The behavior of 〈Com〉 is shown as a function of ccen. We set ` = 0.1q0, a = 0 and
b = 10q0.
To better understand the physics attributed to the modification of the canonical commu-
tator Eq. (33), the uncertainty relation between the position and momentum is calculated
as
(∆Aˆqχ)(∆Aˆpχ) ≥
~
2
|〈Com(qˆ, a, b)〉| , (40)
where we introduced the standard deviation which is defined for an arbitrary operator fˆ as
∆f =
√
〈fˆ 2〉 − 〈fˆ〉2 , (41)
and expected values 〈·〉 are calculated with an arbitrary quantum state. As is predicted
from Fig. 3, when the wave function is located in the interval [a, b], Com(x, a, b) = 1 and
thus the standard minimum uncertainty is reproduced.
The modification of the minimum uncertainty can be observed when the wave function
stays near the endpoints of boundaries. To see this, let us consider the following Gaussian
14
wave function to calculate 〈Com〉,
ψ(x, ccen) =
1√
q0pi1/4
e−(x−ccen)
2/(2q20) , (42)
where ccen is a parameter to characterize the center of the Gaussian distribution. In Fig. 4,
the behavior of 〈Com〉 is shown as a function of ccen, setting ` = 0.1q0. As was mentioned,
the standard minimum uncertainty 〈Com〉 = 1 is reproduced when the position of the center
of the Gaussian wave function stays deeply inside the interval (0, 10q0). On the other hand,
in certain regions near the endpoints, the minimum uncertainty can be deviated away from
the standard value, ~/2.
V. CLASSICAL HAMILTONIAN
Before investigating the quantum dynamics of a free particle with mass m and confined
in a bounded or semi-bounded geometry, let us consider its classical model. Geometric
constraints are sometimes taken into account by introducing potentials. In the present cal-
culation, however, we have considered that the quantities of the phase space in the bounded
or semi-bounded geometry are multiplied by χ(a,b)(q). Therefore if we have the Hamiltonian
H in the unbounded geometry, the corresponding truncated quantity Hχ in the bounded or
semi-bounded geometry should be expressed as
Hχ(q, p) = χ(a,b)(q)H(q, p) . (43)
Usually, the kinetic term of Hamiltonian is anti-proportional to the mass of particle. Then
we notice that the geometrical restriction encoded by the characteristic function χ(a,b)(q)
can be equivalent to imposing the following discontinuous PDM on the classical level to the
standard Hamiltonian,
m1/χ(q) :=
m
χ(a,b)(q)
=
∞ q /∈ (a, b)m a < q < b . (44)
This is an interesting alternative to the usual approach to the motion of a particle of con-
stant mass m trapped by infinite potential walls. However, we have to be very cautious
in implementing the Lagrangian or Hamiltonian formalism to this case, due to the singular
nature of this function. The natural alternative is to proceed first with the smooth regu-
larization of the model yielded by its semi-classical phase space portrait described in the
15
previous sections, and taking eventually its classical limit. Then we will show that both
models are, to some extent, equivalent.
Hence, let us first consider a classical system described by the following Lagrangian for
a particle with an arbitrary smooth PDM m(q),
L(q, q˙) =
m(q)
2
q˙2 − V (q) , (45)
where V (q) is a potential term. One can easily confirm that the Euler-Lagrange equation is
given by
m(q)q¨ +
dV
dq
(q) +
1
2
dm
dq
(q)q˙2 = 0 , (46)
and that the following energy of this system is conserved,
E =
m(q)
2
q˙2 + V (q) . (47)
Let us now discuss the canonical formulation. The canonical momentum is defined by
p =
∂L
∂q˙
= m(q)q˙. (48)
and it is straightforward to check that the set of (q, p) form canonical variables, satisfying
{q, p}PB = 1. The Hamiltonian is defined by the Legendre transformation,
H(q, p) = q˙p− L = p
2
2m(q)
+ V (q) . (49)
The canonical equations follow from this expression:
q˙ = {q,H}PB = p
m(q)
, (50)
p˙ = {p,H}PB = −dV
dq
(q) +
p2
2m2(q)
dm
dq
(q) . (51)
For the sake of later convenience, we define the force exerted on the particle as the observable
F (q, p) := m(q)q¨ = −dV
dq
(q)− q˙
2
2
dm
dq
(q) = −dV
dq
(q)− p
2
2m2(q)
dm
dq
(q) . (52)
We note that the extra term due to the PDM is the opposite to the second term in the
expression (51). Thus, the Newton law F = p˙ for constant mass loses its validity in the
PDM case.
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In the case of our example of constrained geometry, the Lagrangian (45) becomes
Lχ(q, q˙) =
m1/χ(q)
2
q˙χ
2 − Vχ(q) , (53)
and, with pχ =
∂Lχ
∂q˙χ
= m1/χ(q)q˙χ, the Hamiltonian (49) reads as
Hχ(q, p) = q˙χpχ − Lχ =
p2χ
2m1/χ(q)
+ Vχ(q) . (54)
Now the difficulties might arise from the computation of the derivative of the singular PDM
in the applications of Equations (51) and (52). A solution to this question will be given in
Section VII.
VI. QUANTUM HAMILTONIAN AND SCHRO¨DINGER EQUATION
We now consider a free particle with mass m constrained to move in the interval (a, b).
According to our definition (5), its Hamiltonian is defined as the truncated expression
Hχ(q, p) = χ(a,b)(q)
p2
2m
=
p2χ
2m1/χ(q)
. (55)
Applying the CS quantization (7), the corresponding Schro¨dinger equation is given by
i~∂tφ = AˆHχφ , (56)
where
AˆHχ =
[
1
4
{
1
M`(qˆ)
, pˆ2
}
+ V +(qˆ)
]
=
[
−~
2
4
{
1
M`(x)
, ∂2x
}
+ V +(x)
]
, (57)
or equivalently
AˆHχ =
[
1
2
pˆ
1
M`(qˆ)
pˆ+ V −(qˆ)
]
=
[
−~
2
2
∂x
1
M`(x)
∂x + V
−(x)
]
. (58)
Note that the symmetric quantum operators yielded by the Weyl-Heisenberg integral quan-
tization, with coherent states or with more general POVM, of Galilean shadow invariant
Hamiltonians of the general form H = a(q)p2 + b(q)p+ c(q), are given in [4, 5].
In (57) and (58) we have introduced three multiplication operators, namely, the PDM
induced by the quantization,
M`(x) =
m
B`(x, a, b)
, (59)
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FIG. 5: The behavior of the quantum PDM M`(x) in units of the classical m. We set
` = 0.1q0. The solid, dashed and dot-dashed lines represent the results of a/q0 = 0, 2 and 4,
respectively.
which should be compared to the classical one, (44), and the two potential terms defined by
V ±(x) =
~2
4`2M`(x)
(
1± `
2B
(2)
` (x, a, b)
2B`(x, a, b)
)
=
1
4
~2
`2
(
B`(x, a, b)
m
± 1
m
√
pi
(
x− a
`
e−(
x−a
` )
2
− x− b
`
e−(
x−b
` )
2
))
.
(60)
These two different potentials come from the choice between the two symmetric orderings
Eq. (57) and Eq. (58). One notices that these potentials vanish at the classical limit, as
expected.
In previous considerations on quantum PDM Hamiltonians, e.g., [8], it is expected that
the free Hamiltonian can be expressed without introducing potential terms as
Hˆ =
1
4
(Mα(x)pˆMβ(x)pˆMγ(x) +Mγ(x)pˆMβ(x)pˆMα(x)), (α + β + γ = −1), (61)
if α, β and γ are chosen appropriately. In our approach, the appearance of a potential term
cannot be avoided, whatever the ordering choice.
The behavior of the PDM operator is shown in Fig. 5. We set ` = 0.1q0 and the solid,
dashed and dot-dashed lines represent the results of a/q0 = 0, 2 and 4, respectively. One can
see that the mass increases rapidly to prevent the particle from escaping from the classical
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(a) ` = 0.1q0 (b) ` = 0.1q0
(c) ` = 0.3q0 (d) ` = 0.3q0
(e) ` = 0.5q0 (f) ` = 0.5q0
FIG. 6: The behaviors of the functions V −(x) (left panel) and V +(x) (right panel) in units
α = ~2/(mq20). We set ` = 0.1q0 (top) 0.3q0 (middle) and 0.5q0 (bottom). The parameter a
is set to be 0.
domain a < x < b. It should be noted that, in the classical limit, this function goes to the
singular PDM introduced in Eq. (44)
M`(x) →
`→0
m1/χ(x) . (62)
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Similarly, the potentials V −(x) and V +(x) are, respectively, shown on the left and right
panels of Fig. 6 for different values of ` in units of α = ~2/(mq20). We set ` = 0.1q0 (top)
0.3q0 (middle) and 0.5q0 (bottom). The parameter a is set to be 0. Both behaviors are very
close: V ±(x) is almost constant and shows non-trivial changes near the endpoints, which
are enhanced as ` decreases. This is due to the behavior of the PDM itself. We note that
V +(x) and V −(x) vanish in the classical limit, as expected.
VII. SEMI-CLASSICAL HAMILTONIAN MECHANICS AND ITS CLASSICAL
LIMIT
If the PDM system is quantized appropriately through our approach, its semi-classical
behavior should be very close to the corresponding classical dynamics. In other words,
the examination of the semi-classical portrait is important to confirm the consistency of our
approach. Let us determine the dynamics induced by the semi-classical phase-space portrait
of the quantum Hamiltonian AˆHχ . The latter is given by the smooth function
Hˇχ(q, p) = 〈q, p|AˆHχ|q, p〉 = B√2`(q, a, b)
(
p2
2m
+
~2
2m`2
)
. (63)
We note that this semi-classical Hamiltonian is a PDM one of the type (49),
Hˇχ(q, p) =
p2
2M√2`(q)
+ V`(q) , (64)
where
V`(q) :=
~2
2m`2
B√2`(q, a, b) =
~2
2M√2`(q) `2
. (65)
The resulting semi-classical dynamics is then obtained from the general formulae given in
the previous section.
q˙ = {q, Hˇχ}PB = p
M√2`(q)
, (66)
p˙ = {p, Hˇχ}PB = −dV`
dq
(q) +
p2
2M2√
2`
(q)
dM√2`
dq
(q) . (67)
The force exerted on the particle is, according to our definition (52),
F`(q, p) = M√2`(q)q¨ = −
dV`
dq
(q)− p
2
2M2√
2`(q)
dM√2`
dq
(q) = B
(1)√
2`
(q, a, b)
(
p2
2m
− ~
2
2m`2
)
. (68)
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FIG. 7: The position dependence of the semi-classical forces. The left and right panels
show the results of p = 0 and p = 20~/q0, respectively. The solid, dot-dashed and dashed
lines represent ` = 0.1, 0.3 and 0.5, respectively. We set F0 = ~2/(2mq20). The
semi-classical force for the right panel shows the confinement.
One can easily see that, while the semi-classical equations qualitatively reproduces the cor-
responding classical ones, this semi-classical behavior depends on the momentum of the
particle due to the quantum effect: the semi-classical force gives rise to the effect of con-
finement only for the particle which has the magnitude of the momentum |p| > ~/`, a lower
bound which can be made arbitrary small at large `. The behavior is shown in Fig. 7. The
left and right panels show the results of p = 0 and p = 20~/q0, respectively. The solid, dot-
dashed and dashed lines represent ` = 0.1, 0.3 and 0.5, respectively. The semi-classical force
for the right panel shows the confinement. It is interesting to notice the critical absolute
value of the momentum, |p|c = ~/` for which there is no force at the boundary. According
to (12) this ratio has to be considered as a small quantity.
In the classical limit (12), the above equations become
q˙class =
pclass
m
, (69)
p˙class = −p
2
class
2m
(δa(qclass)− δb(qclass)) . (70)
Fclass =
p2class
2m
(δa(qclass)− δb(qclass)) . (71)
They should be viewed as a consistent solution to the dynamics ruled by the truncated
Hamiltonian (54) with qclass ≡ qχ and pclass ≡ pχ. The above equation for the classical force
is precisely what we can expect of the infinite repulsive action from the walls in the case of
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the infinite square well. In Fig. 7 is shown the behavior of the semi-classical force (68) as a
smooth version of the singular (71).
VIII. CONCLUSION
We have generalized the Weyl-Heisenberg covariant integral quantization of a one-
dimensional classical system constrained to lie within a bounded or semi-bounded geom-
etry. We have found that our quantization regularizes the discontinuous classical position-
dependent mass and furthermore introduces an extra potential. To our best knowledge, the
possibility of the modification of the form of the classical PDM by quantization has been
overlooked in existing studies thus far and this is one of the important results yielded by our
approach. Moreover, it has been considered that the potential term induced by the quan-
tization of the PDM systems is attributed to the ambiguity for the ordering of operators
and, if we choose it appropriately, such a potential term is absorbed by the kinetic operator
in the quantum Hamiltonian as is shown in Eq. (61). We however showed that the integral
quantization of PDM, which is free of the ordering problem of operators, leads to the new
potential term and then the Hamiltonian operator cannot be expressed in the form of Eq.
(61).
To justify our approach, we discussed the semi-classical portrait of the derived quantum
dynamics. The semi-classical behavior describes the bounded motion under the geometric
constraint and the equation of motion reproduces the corresponding classical equation be-
sides the corrections induced by the quantum effects. Our approach is consistent in this
sense.
We also examined the question of (essential) self-adjointness of quantum observables like
momentum and Hamiltonian for the confined free classical particle. Based on our results
we have obtained for the interval, we expect that the appearance on the quantum level of
smooth PDM and semi-confinement potentials could get rid of the ambiguity of imposing
boundary conditions to the wave functions in solving the Schro¨dinger equation. These
problems deserve to be seriously considered in future investigations.
In our scheme, some characteristic length besides the Planck constant, `, is introduced,
This regularization parameter ` can be adjusted in order to fit in an optimal way exper-
imental models for nanostructures like 1d quantum dots. The extension of the approach
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to 2d or 3d is straightforward. These new degrees of freedom opens channels for future
investigation concerning more realistic models, like a manifold E embedded into Rd, for
which the coherent states to be used would be ⊗di=1|qi, pi〉. Hence, we could compare our
results with previous ones obtained through different approaches, e.g. [1, 2], particularly
those concerning forces resulting from boundary surfaces. Note that a similar approach has
allowed to regularize the so-called Bianchi 9 potential in cosmology, as is shown in the recent
paper [21].
Another appealing direction in the application of our approach would consist in consid-
ering systems moving in punctured geometries, like the simplest R \ {0}, or more generally
Rd \E, where E is a certain subset, for instance a lower-dimensional manifold or a discrete
subset. Therefore, instead of quantizing a classical observable f(q, p), we could quantize
f(q, p)(1 − δE(q)), and analyze the resulting quantum dynamics in a way similar to the
present work.
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